A formalism is presented for computing the higher-order corrections to the worldvolume action of co-dimension one solitons. By modifying its potential, an explicit "kink" solution of a real scalar field in AdS spacetime is found. The formalism is then applied to explicitly compute the kink worldvolume action to quadratic order in two expansion parameters-associated with the hypersurface fluctuation length and the radius of AdS spacetime respectively. Two alternative methods are given for doing this. The results are expressed in terms of the trace of the extrinsic curvature and the intrinsic scalar curvature. In addition to conformal Galileon interactions, we find a non-Galileon term which is never sub-dominant. This method can be extended to any conformally flat bulk spacetime.
Introduction
There is a long literature on computing soliton solutions, of varying co-dimension, in both non-supersymmetric [1, 2] and supersymmetric/superstring [3] [4] [5] [6] theories of physical interest. This was followed, in each of these contexts, by computations of the lowest order DiracBorn-Infeld (DBI) actions on the worldvolumes of these solitons [7] [8] [9] [10] [11] [12] . More recently, there has been interest in extending these calculations to include higher-dimensional operators, involving both extrinsic and intrinsic curvature, in these effective actions. This has been carried out with differing techniques, using both probe and back-reacted geometries, for bosonic [13] [14] [15] [16] [17] [18] [19] and supersymmetric branes [20] [21] [22] [23] [24] [25] [26] [27] [28] .
Apart from the inherent interest in computing these higher-order corrections to the effective actions, the advent of Galileon theories has led to renewed interest in higher-derivative terms. First discovered in the context of the decoupling limit of the Dvali-Gabadadze-Porrati (DGP) brane-world scenario [29] , where the Galileon scalar is related to the brane bending mode, Galileon theories have since been generalized [30] . Galileons have two remarkable properties: first, despite the fact that their interactions are higher-derivative, the corresponding equations of motion are nevertheless second order, and second, these interactions possess extended non-linearly realized symmetries. The original Galileons of [30] possess another important property that justifies treating them separately from the other possible non-Galileon higher-derivative terms which possess the same symmetries. There can be non-linear solutions and regions of momentum and field space for which Galileon terms are important relative to the kinetic terms, and yet the non-Galileon terms are unimportant, allowing us to work with only the finitely many non-linear Galileon terms rather than the whole effective field theory expansion [31, 32] . Furthermore, Galileons can lead to stable (that is, ghost-free) violations of the Null Energy Condition [33, 34] , akin to the ghost condensate [35] . In fact, supersymmetric condensates naturally give rise to super-Galileons [36, 37] . This violation allows for non-singular bounces in the early universe [33, [38] [39] [40] [41] [42] [43] and cosmologies that expand from an asymptotically-flat past [44] . These interesting solutions generally require the Galileon-like terms to be important relative to the kinetic terms, so from an effective field theory point of view, if other unknown higher-order terms are to be neglected, it is crucial that the Galileons have the property described in the previous paragraph.
There are extensions of the original Galileons, the DBI Galileon, that arise naturally in describing the brane-bending mode of co-dimension one and higher brane worldvolumes [45] [46] [47] . They arise from Lovelock terms and their boundary terms in the worldvolume actions. The original Galileons are obtained after a certain small field limit. Non-Lovelock terms on the worldvolume lead to non-Galileon terms. Since the DBI Galileons arise from the point of view of a brane probing a relativistic spacetime, it is natural to ask whether there can be regions of momentum and/or field space in which the DBI Galileons are important relative to the DBI kinetic term, yet still dominant over the non-Galileon terms, as is the case for the original Galileons. If this is the case, then in these regimes, only a finite number of higher-derivative terms in the worldvolume action would have to be computed to completely determine the interesting non-linear dynamics. The DBI Galileons admit su-perluminal propagation around non-trivial solutions [48] which, along with other arguments, suggests that any UV completion, though not necessarily inconsistent, will not be in the form of a local Lorentz invariant quantum field theory or string theory [49] . Thus, if a low-energy worldvolume theory on a brane could be derived in which there were a sharp limit where only the Galileons are important, it would mean that either the theory describing the brane does not have a UV description as a local Lorentz invariant quantum field theory/string theory, or that the arguments concerning the connection between low-energy superluminality and UV physics are somehow evaded.
Motivated by these reasons, and simply by the desire to have a consistent and general method for calculating low-energy worldvolume actions for solitons in more general spacetimes, we present here a calculation of the leading and subleading corrections to the DBI worldvolume action of a scalar kink in anti-deSitter (AdS) spacetime. This is the first in a series of papers applying this extended method to effective string solitons of physical interest, which we hope to apply to UV complete systems like the heterotic string. In a series of papers [13, 16, 18] , Gregory and collaborators presented a particularly compelling approach to the problem of computing higher-order corrections to worldvolume actions, within the context of flat space co-dimension one "kink" solitons. This involves a consistent series expansion in a parameter ǫ, the ratio of the kink thickness to the typical worldvolume fluctuation length. Using this formalism, the explicit worldvolume action of a probe kink in a flat background bulk space was computed [16] . In this paper, we modify and extend this formalism, using it to compute to second order in ǫ (and a second parameter δ) the explicit worldvolume action of a kink soliton in AdS. This is carried out in two different ways, first with respect to the original AdS metric and second using a rescaled flat metric. Both lead to mutually consistent expressions for the worldvolume action including higher-order extrinsic and intrinsic curvature terms. Although three terms are indeed conformal DBI Galileons, a fourth term involving the square of the extrinsic scalar curvature explicitly is not-nor are there any momenta for which this term is sub-dominant.
The paper is structured as follows. In Section 2, we briefly review the formalism presented in [16] for computing the worldvolume action of a kink soliton of a real scalar field in flat spacetime. As a prelude to the AdS calculation, and to set our notation, we carry out the computation to second order in the expansion parameter ǫ. In Section 3, anti-deSitter spacetime is introduced, and the potential energy of the real scalar field is modified so that its equation of motion admits a kink soliton of the same functional form as in flat space. We then generalize the formalism of [16] so as to allow a calculation of the effective action on this kink worldvolume. The radius of AdS space introduces, in addition to ǫ, a second expansion parameter δ. The extrinsic and intrinsic curvatures, the generalized solution to the scalar equation of motion and the kink soliton worldvolume action are explicitly computed to second order in both parameters. Working in AdS spacetime introduces a number of technical issues, such as the appropriate "cut-off" of certain integrals, which are treated in detail. The conformally flat metric g mn of AdS space leads to a non-vanishing constant extrinsic scalar curvature that greatly complicates the above analysis. In the second part of Section 3, we explore, in detail, the implications of working in a rescaled flat metricg mn with respect to which the lowest order extrinsic curvature vanishes. It is shown how this simplifies the computation of the worldvolume geometric quantities, while leaving the analysis of the solution of the scalar equation of motion and the kink worldvolume action essentially the same. All these quantities are explicitly calculated to second order in ǫ, δ. Using the direct relationship between the two metrics, we then compare the results of both approaches and show that they are identical, as they must be.
In Section 4, we analyze the worldvolume action computed in the previous section. Going to a conventional gauge, each term in the action is expressed as an explicit function of a real scalar field π-the brane-bending mode. The relationship of these results to conformal Galileons [30] is discussed. In addition to the L 2 , L 3 and L 4 Galileons (the final Galileon L 5 appears at one order higher than our calculation), we find that there is a non-Galileon term proportional to the square of the extrinsic curvature scalar. Importantly, it is shown that that there is no region of momentum space for which this non-Galileon term is subdominant. We conclude that, although important contributions, Galileons are not the only relevant interactions on a kink/brane worldvolume. Finally, in Appendix A we prove that up to order ǫ 3 , and to all orders with no worldvolume gradient operators, the worldvolume action can always be re-expressed purely in terms of Galileons by a specific field redefinition. However, the "non-Galileon" physics does not disappear -it is now non-trivially encoded in this field transformation.
Scalar Kinks in d=5 Flat Spacetime
The most general action for a real scalar field Φ with minimal kinetic term coupled to gravity in d = 5 spacetime is given by
where indices m, n = 1, . . . 5, g mn is the five-dimension metric with signature (− + + + +), κ 5 is the dimension −3/2 Newton's constant, Λ is a cosmological constant and V (Φ) is an arbitrary potential. The associated Einstein equation is
where
Assuming that neither the temporal/spatial gradient nor the potential of Φ depend on the d = 5 Planck constant, in the limit that κ 5 → 0 the Φ dynamics decouples from gravity. Equation (2) then becomes
and the dynamics of the Φ field can be consistently discussed in this background spacetime -the so-called "probe" limit -using the Lagrangian
In [16] , Gregory and Carter used this probe limit to compute the induced worldvolume Lagrangian of the domain wall associated with the "kink" solution of the Φ equation of motion in flat spacetime. In this section, we briefly review their formalism. Begin by setting Λ = 0 (6) in (4) and taking the background spacetime to be be flat, denoting the metric by g mn = η mn . In Cartesian coordinates x m , m = 0, . . . , 4 the metric takes the diagonal form η mn = (−1, 1, 1, 1, 1). Now specify that
where λ is a positive constant of dimension −1, and η is a constant of dimension 3/2, both independent of the d = 5 Planck mass. The associated field equation is
Denoting the the fifth coordinate x 5 = z, we seek a solution for Φ independent of the remaining coordinates. The equation of motion (8) then reduces to
Demanding that Φ be positive for positive values of z, this has the well-known "kink" solution
of width
Since this solution is independent of the remaining coordinates, it describes a static domain wall located at z = 0. We would now like to generalize this to kink solutions that depend on the remaining coordinates as well as z. This will be achieved as follows. Let L specify the typical fluctuation length of the new solution along the remaining coordinates and define
We will seek solutions for which ǫ ≪ 1 and, hence, can be obtained from (10) by a perturbation expansion. As discussed in [16] , this is most easily carried out in Gaussian normal coordinates, defined as follows. Let Φ be the new solution and denote the associated defect worldsheet by Σ. Let n m be a unit geodesic normal vector field to Σ, and generalize z to be the proper length along the integral curves of n m . The remaining four worldsheet coordinates of Σ will be denoted by σ µ , µ = 0, . . . , 3. Each constant z surface then has a unit normal n m , an intrinsic metric h mn and an extrinsic curvature K mn defined by
respectively. These two quantities are not independent, satisfying the constraints
where L n is the Lie derivative along the n m vector field. With respect to Gaussian normal coordinates, the equation of motion (8) can be written as
Scaling to dimensionless variables by setting
equations (14), (15) and (16) become
where ′ = ∂/∂u. 1 These equations can now be solved by expanding each dimensionless quantity as a power series in ǫ. That is, let
where each coefficient is generically a function of the coordinates (σ µ , u). Substituting these into (19) , (20) and (21), one obtains equations for each coefficient function order by order in ǫ.
Order ǫ 0 : At this order n m = n 5 and, hence, h (0)mn is an unspecified function of σ µ independent of u. It follows that equation (19) implies κ (0)mn vanishes and (20) is trivially satisfied. That is,
Here, and henceforth, any quantity that depends only on the σ µ coordinates with be denoted with a "hat". The equation of motion (21) becomes
This is simply (9) written in the rescaled variable u = z/l and, hence, has the solution
Order ǫ 1 : At this order, it follows from (20) and then (19) that
whereκ ( 
there is a unique solution of (29) given by
with
We conclude that to order ǫ, and restoring the dimensionful parameters,
As discussed in detail in [16] , Φ is continuous, but not continuously differentiable, across the z = 0 wall surface.
Order ǫ 2 : To this order, one need only know the metric and extrinsic curvature. Solving (20) and then (19) , we find that
Note that none of the purely σ dependent quantities -that is, none of the hatted functions -have been determined by the above procedure. This will remain true to any order in the ǫ-expansion. There is a fundamental reason for this; namely, prior to computing the worldvolume action of the domain wall, one must leave unrestrained any degrees of freedom intrinsic to the wall itself. These can only be determined by varying the worldvolume action to get the equations of motion of the wall location. It follows that h mn and κ mn are off-shell and, hence, arbitrary functions of the intrinsic coordinates σ µ at this stage of the calculation. The worldvolume effective action can now be calculated to any required accuracy in the ǫ expansion. It is given by
and L is the original Lagrangian density given in (5), (7) evaluated for the solution of the equation of motion given to order ǫ in (34) . Taylor expanding √ −η around u = 0 and using (19) , (20) to second order, one finds
Similarly, inserting solution Φ in (34) into (5), (7), going to dimensionless variables and using the equations of motion (26) and (29), it follows that
. Multiplying (38) and (40) then gives
in each of the separate domains −∞ < u < 0 and 0 < u < ∞. Note that the vanishing of κ (0)mn allows one to equateκ =κ (1) (43) to this order in the ǫ-expansion, which we do henceforth. The above stated boundary conditions imply that when integrated over −∞ < u < ∞ the contribution of the total divergence term vanishes. Furthermore, J (1) in (39) is odd in u and also does not contribute. Hence, inserting (42) into (37) using (39), z = lu and (11) one findŝ
Rewritten in dimensionful variables, truncating the expansion at order ǫ 2 and using the Gauss-Codazzi relationR
the worldvolume Lagrangian is given bŷ
This is the result presented by Gregory and Carter [16] , after correcting some errors in their manuscript.
Scalar Kinks in d=5 AdS Spacetime
In this section we will use, and extend, the Gregory/Carter formalism to compute the worldvolume Lagrangian of a kink domain wall in d = 5 anti-deSitter spacetime. In this case, we choose
Equation (4) then admits an AdS background solution with metric
where Λ = − 6 R 2 . The associated curvature tensors are given by
In the "probe" limit, the dynamics of the Φ field can be consistently discussed in this AdS background using the Lagrangian
In order for the equation of motion to admit a kink solution, we must modify potential (7) to
The associated field equation now becomes
We seek a solution for Φ that depends on the fifth coordinate z but is independent of the remaining coordinates. The equation of motion (55) then reduces to
Despite the fact that we are now in AdS spacetime, (56) continues to admit the kink solution
Since this solution is independent of the remaining coordinates, it describes a static domain wall located at z = 0. We would now like to generalize this to kink solutions that depend on the remaining coordinates as well as z. Specifying the typical fluctuation length along the remaining coordinates as L, and defining
this will again be achieved as a perturbative expansion around (57) in the small parameter ǫ ≪ 1. As in the flat spacetime case, this is most easily carried out in the Gaussian normal coordinates defined in Section 2. Each constant z surface has a unit normal n m , with an intrinsic metric h mn = g mn − n m n n and extrinsic curvature K mn defined in (13) . These two quantities are not independent. As in flat spacetime, the metric and extrinsic curvature continue to be related as
where L n is the Lie derivative along the n m vector field. However, in a general curved five-dimensional spacetime we note from a Gauss-Codazzi relation that
Using the expression for R (5) rspq in AdS spacetime given in (52) and the definition of h mn in (13), we find
and, hence, that
Note that in the limit R → ∞, this equation reverts to the flat spacetime expression given in (15) . In Gaussian normal coordinates, the equation of motion (55) becomes
where K and D m are the extrinsic scalar curvature and worldvolume covariant derivative defined in (17) . Scaling to dimensionless variables by setting
equations (60), (63) and (64) become
and we have defined
These equations can now be solved by expanding each dimensionless quantity as a power series in ǫ. That is, let
where each coefficient is generically a function of the coordinates (σ µ , u). Substituting these into (66),(67) and (68), one obtains equations for each coefficient function order by order in ǫ.
The non-zero curvature in the AdS analysis will require us to carefully examine the ǫ expansion of the h mn and κ mn equations. First consider the h mn equation (66). Substituting (71) and (72) into (66), we find to order ǫ 0 and ǫ 1 that
respectively. Now examine the the κ mn equation (67). Note that this can be written as
Expanding
it follows from (71), (76) that
Substituting (71), (72) and (77) into the κ mn equation (75), we find to order ǫ 0 and ǫ 1 that
Before continuing to the equation of motion, let us solve (73),(74) and (79), (80).
Order ǫ 0 : Since at this order n m = n 5 , it follows from (51) that
withĥ (0)mn unspecified. Hence, the h (0)mn equation (73) gives
For notational consistency, we write this as
Using the first relation in (78), we find that the κ (0)mn equation (79) is trivially satisfied.
Order ǫ 1 : Substituting (82) into the order ǫ 1 κ (1)mn equation (80), and recognizing that the second expression in (78) implies
we find that κ
This is solved by
with unspecifiedκ (1)mn (σ). Putting this result into the order ǫ 1 h (1)mn equation (74) gives
This can be integrated to
To summarize: we have found that
where none of the "hatted" functions of σ are specified.
Now consider the φ equation of motion. To proceed, one must substitute (70), (71), (72), (77) into (68) noting that it is the trace of κ mn defined by
that enters this equation. Expanding
we find using (89), (90) and (78) that
(1) (σ)
Order ǫ 0 : Using the first expression in (93), it is straightforward to show that (94) has the same solution as in (57). That is,
Order ǫ 1 : Using (93), equation (95) becomes
(1) (σ)φ
Note that as R → ∞ and, hence, δ → 0, this reverts to the flat space equation (29) . Let us solve (97) using the ansatz
Inserting this into (97), the factorκ (1) cancels and one is left with an equation for F given by
Using (96), this becomes
This equation can be solved independently in each of the separate domains −∞ < u < 0 and 0 < u < ∞. Corresponding to (30) , (31), one must also impose the boundary conditions
Subject to these conditions, there is a unique solution of (100) which one can solve for numerically. For example, the solution with δ = 0.3 is presented in Figure 1 .
We conclude that to this order in ǫ, and restoring the dimensionful parameters,
As in the flat spacetime case, Φ is continuous, but not continuously differentiable, across the z = 0 wall surface. The worldvolume effective action can now be calculated to any required accuracy in the ǫ expansion using (36), wherê
g mn is the AdS metric (51) and L is the original Lagrangian density (53), (54) evaluated for the solution of the equation of motion given to order ǫ in (103). Taylor expanding √ −g around u = 0 using (66),(67) and the fact that one finds that
Similarly, inserting solution Φ in (103) into (53),(54) and using the equations of motion (94),(97), it follows that
the L flat(i) are of the same functional form as the flat spacetime results in (41) and
Note that δ in (109) arises from the interaction term in the Lagrangian and not from a power series expansion in δ. Hence, φ (1) , φ (2) in both L flat(i) and ∆ (i) contain explicit dependence on δ through, for example, the function F . Multiplying (106) and (108) gives
where we have dropped three terms that are odd in u that will vanish when integrated over the transverse coordinate. Note that the term proportional to L flat(0) is identical to theL (0) term in the flat spacetime result (42) , and that the ǫ 2 δ terms-which contain φ (2) in ∆ (2) -are subleading. To avoid having to calculate φ (2) , we will, henceforth, work only to lower order. Inserting the solution (98) for φ (1) and using the relation
we find that the remaining terms are
plus a total derivative term. We have also "integrated by parts" in anticipation of integrating JL over u. Putting everything together, (111) becomes
plus a total divergence in each of the separate domains −∞ < u < 0 and 0 < u < ∞.
To be consistent with dropping the ǫ 2 δ terms above, we only work to quadratic order in the expansion parameters. Since F in (114) is multiplied by either ǫ 2 , ǫδ or δ 2 , it must be evaluated at order δ 0 in (100). It is important to note from (93) and (112) that one can equate κ| u=0 =κ(σ) ,
which we do henceforth. The previously discussed boundary conditions imply that when integrated over −∞ < u < ∞ the contribution of the total divergence term vanishes. Hence, inserting (114) into (104) using z = lu and (58), one findŝ 
Note that, unlike I I , I II and I III , the I ǫδ coefficient primitively diverges like u 2 as u → ±∞ and, hence, must be carefully treated. Until now, we have loosely taken the range of u to be −∞ < u < +∞. However, this is not strictly correct since the radial Gaussian coordinate is only defined up to the point where the geodesics converge. In our present case, this is either at L or at R, whichever is smallest. That is, the integral has a "cut-off". The effect of this cut-off on the convergent integrals I I , I II and I III is negligable and we will, henceforth, ignore it. However, I ǫδ is now cut-off at 1/ǫ 2 or 1/δ 2 respectively, thus rendering it finite. We emphasize that this is completely consistent with taking both the σ µ independent (long wavelength) limit and the flat spacetime limits. In the first case, one takes ǫ → 0 holding δ fixed. Hence, L > R and I ǫδ ∝ 1/δ 2 . It follows that all terms in the worldvolume Lagrangian (116) vanish with the exception of L (0) , and one recovers the lowest order result in AdS spacetime. In the second case, δ → 0 holding ǫ fixed and, hence, R > L and I ǫδ ∝ 1/ǫ 2 . Now only the second term in (116) vanishes, leaving the ǫ expanded result in flat spacetime given in (44) of Section 2.
Observe that the single-trace extrinsic curvature κ appears at each odd order in the Taylor expansion of √ −g around u = 0 -naively with increasingly singular coefficients.
Hence, one might worry that the leading order coefficient I ǫδ given in (118) is a poor approximation to the the actual value. Again, however, the specific cut-off structure of the u-integrals solves this problem. At odd order n in the expansion of √ −g, there is a primitively divergent integral in the coefficient of κ. One can show, however, that when appropriately cut-off this becomes
Note that for n = 1, this simply reduces to I ǫδ in either regime. For any odd n > 1, it follows from (119) that in both regimes I (n) ǫδ ≪ I ǫδ , increasingly so as n grows. Thus such terms are small compared to the leading term. Computing I ǫδ given in (118) with the appropriate cut-offs, we find that
and
As discussed above, in the limit R → ∞ and, hence, δ → 0, Lagrangian (122) . Therefore, to evaluate C 0 /l we must specify a value for ǫ. In Figure 2 (B), we choose ǫ = 0.3. Note that C 0 /l is defined piecewise and changes behavior at δ ∼ ǫ.
the flat spacetime Lagrangian given in (48) , (49) . Explicit values of the overall coefficient M 4 0 , as well as the three coupling parameters C 0 /l, C I /l 2 and C II /l 2 , can be plotted numerically as functions of δ. These are shown as graphs (A),(B),(C)and (D) respectively in Figure 2 . Note that C 0 has the correct limiting value C 0 → 0 as δ → 0.
A Simplified "Flat" Metric Approach
The non-vanishing curvature (52) of AdS space considerably complicates the previous analysis; specifically, leading to a non-zero value for K (0)mn which then propagates through the calculation. However, recall that the metric (51) is conformally flat. This is manifest in the new coordinate u ′ = z ′ /l defined by
with respect to which metric (51) becomes
This motivates us to repeat the AdS analysis in terms of the rescaled flat "metric"
since we expectK (0)mn to vanish. Inserting (127) into (60) we find
Similarly, putting (129) into (63) gives
We note that the curvature term on the right-hand side of (63) cancels when going to the flat metric. However, the conformal rescaling induces the term proportional to 1/R in (130). In addition to (128) and (130), one must also re-express the equation of motion (64) with respect to the rescaled flat metric. We find that
Going to dimensionless variables using (65), equations (128), (130) and (131) becomẽ
where, now, ′ = ∂ ∂u ′ . These equations are solved using the ǫ-expansions in (70),(71), (72) and (77), now expressed in terms ofh mn andκ mn quantities. First consider theh mn equation (132). We find to order ǫ 0 and ǫ 1 thath
respectively. Similarly, expanding theκ mn equation (133) we find to order ǫ 0 and ǫ 1 that
Before continuing to the equation of motion, let us solve (135), (136) and (137), (138).
Order ǫ 0 : Since at this orderñ m =ñ 5 , it follows from (126),(127) that
withĥ (0)mn unspecified. Hence, theh (0)mn equation (135) gives
as expected. It follows immediately that theκ (0)mn equation (137) is trivially satisfied.
Order ǫ 1 : Substituting (140) into the order ǫ 1κ mn equation (138), recalling that ′ = ∂ ∂u ′ and using (125), we findκ
withκ (1) an arbitrary function of σ µ -coordinates only. Finally, inserting this expression into theh (1)mn equation (136) gives
Using the relation (129), these results are easily compared against the g mn metric results summarized in (89),(90). Identifying the arbitrary functionŝ 
we find using (139)- (142) and (143) that (127) and (129) that
It follows that (146) is completely consistent with the g mn metric results in (93). Inserting (146) along with the ǫ-expansions of φ,h mn andκ mn into (134), we find to order ǫ 0 and ǫ
+ e 2δu −2 3φ
Order ǫ 0 : It is straightforward to show that (148) has the same solution as equation (94), although expressed in the u ′ coordinate. That is,
where we have inverted expression (125).
Order ǫ 1 : Let us solve (149) using the ansatz
Inserting this into (149), the factorκ (1) cancels and one is left with an equation forF given byF
with φ (0) (u ′ ) in (150). This equation can be solved independently in each of the separate domains −∞ < u ′ < 0 and 0 < u ′ < 1 δ
. Corresponding to (30) , (31) , one must also impose the boundary conditionsF
Subject to these conditions, there is a unique solution of (152) which one can solve for numerically. For example, the solution with δ = 0.3 is presented in Figure 3 . Note that since the same factorκ (1) (σ) enters both (98) and (151), it follows that when re-expressed in terms of the coordinate u using (125) one must find
Comparing theF and F results for δ = 0.3 given in Figures 1 and 3 respectively, we find complete agreement. We conclude that to this order in ǫ, and restoring the dimensionful parameters, one again finds
and Φ is continuous, but not continuously differentiable, across the z ′ = 0 wall surface. The worldvolume action can be calculated with respect to the rescaledg mn metric to any desired degree of accuracy in the ǫ expansion. It follows from our previous discussion thatL
whereL is the Lagrange density which, when varied with respect to Φ, gives the equation of motion (131). It is found to beL = e 5δu L
with L given by (53),(54) written in the z ′ coordinate. In (158),L is to be evaluated for the solution of the equation of motion given, to order ǫ, in (156),(157). Taylor expanding √ −g around u ′ = 0, we findJ
withJ
To continue, we note that L is coordinate invariant and that Φ is most conveniently expressed as a function of the coordinate z. It follows that the ǫ expansion of L is most easily presented by going back to the coordinate z using (125). Noting that
we can write action (158),(159) asL
where the coefficients of the expansion (160) with respect to the u coordinate arẽ
Similarly, inserting the solution Φ into (159) and using the equations of motion (148),(149) it follows that
L flat(i) are the flat spacetime results in (41), ∆ (i) were given in (110) and all quantities are functions of z. Finally, one must expand the exponential
Let us proceed order by order in the δu expansion, keeping only those terms that are even under u → −u. The 1-term is of the same form as given in (111) of the proceeding section, now, however, with the J (i) replaced byJ (1) ,J (2) in (164). Furthermore, in the present caseκ (1) =κ| u=0 . Hence, the constant term on the right side of (112) no longer appears. We find that the 1-term in the δu expansion is given bỹ
Next consider the δu-term. Using (41), (110) and (164), to the order we are working
Finally, the last term one need consider is the (δu) 2 -term. We find that
Adding these together, inserting them into (163), using z = lu, (58) and denoting
we find thatL
with the I-coefficients given in (118). Rewritten in dimensionful variables and truncating the expansion at order ǫ 2 , the worldvolume Lagrangian is given bŷ
where the Gauss-Codazzi relationR
has been used. Note that theK,R
andK 2 terms all appear in (174), although with differing coefficients then in the previous section. What is the relationship of this expression to the worldvolume Lagrangian (121) evaluated with respect to the g mn metric? Note from (129) that at u = 0K
Inserting this into (174), a careful calculation reveals that it is identical to (121), as it must be.
The Worldvolume Action and Galileons
It follows from the previous section that the worldvolume action of a d = 4 kink domain wall embedded in d = 5 anti-deSitter spacetime, to second order in the ǫ-expansion, is
The coefficients M 4 0 and C 0 , C I , C II are given in (123) and (124) respectively. Note that C 0 is proportional to the kink thickness l, whereas both C I and C II are proportional to l 2 -corresponding in dimensionless variables to ǫ and ǫ 2 respectively. Recall that the embedding of a d = 4 worldvolume in a d = 5 bulk space is specified by five worldvolume scalar fields X m (σ), m = 0, 1, . . . , 4. Choosing the gauge where
we find that [45] , and lead to second order equations of motion for π. The L 5 Galileon is a higher-dimension operator-arising at cubic order in the ǫ-expansion-and, hence, does not appear here. However,K 2 given in (183) is not a Galileon. It will lead to fourth-order equations of motion, but any ghosts or pathologies associated with this operator will not appear in the range of validity of the ǫ-expansion, since it was derived from a ghost free theory. Furthermore, carefully analyzing the above expressions we find that there is no region of π or momentum space for which non-Galileon terms such as theK 2 term is sub-dominant to the Galileon terms. Thus, in any situation in which the Galileons are important relative to the kinetic term and their non-linearities are doing something interesting, the non-Galileon terms are important as well, and the entire series expansion we are computing is breaking down. We conclude, to the order we have calculated, that although Galileon terms appear in the explicitly computed worldvolume action, there is an additional non-Galileon term which can not be neglected, and that to justify stopping at some order in the expansion, all these terms must be subdominant to the kinetic term.
Having specified this, it is interesting to note that, by an appropriate redefinition of the π field, the effective action (177) can be written so that only Galileon operators appear. We prove this in Appendix A to cubic order in the ǫ-expansion-one order higher than the results of this paper. Be this as it may, the non-GalileonK 2 term, although removed fromL, is now manifest in the field redefinition. If one is interested in computing quantities which are independent of field redefinitions, such as scattering amplitudes, then it suffices to use only the Galileon interactions, and the non-Galileon terms do not affect these quantities. However, if one is interested in quantities that do depend on the definition of π, such as computing the physical location of the brane, the presence of the non-Galileon terms matters.
Appendix A Field Redefinitions:
First a general argument about field redefinitions. Let L be a Lagrangian density for fields φ i which is a formal series in some parameter λ,
Suppose that among the terms which appear in the O(λ n ) contribution, there is a term, L R n , which vanishes when the fields satisfy the equations of motion for the lowest-order Lagrangian L 0 . In this case, we can by integration by parts always write
Here ≃ means equality up to a total derivative and f i is some function with [φ] standing for dependence on the fields, their derivatives and possibly the coordinates.
Any such interaction L R n can be removed, without altering any of the other terms at lower or equal order, by performing a field redefinition. The required redefinition is
Under this redefinition, the O (λ n ) terms in the action change as
Hence, to O (λ n ), the only effect of this redefinition is to cancel L R n .
The DBI Action:
We will, for simplicity, present our analysis within the context of a flat bulk space. However, it is straightforward to prove that all arguments go through with minimal modifications even for a curved bulk-such as AdS spacetime-and that the final result does not change. In the gauge (179), the most general action for a d = 4 brane embedded in a d = 5 bulk space is
where µ, ν, . . . = 0, . . . , 3. This will be a power series in some length scale l, which plays the role of λ above. K and ∇ get one power of l, and R gets two powers. We can use the Gauss-Codazzi relation,
to eliminate all occurrences of R in favor of K, so the action becomes
Let us analyze the case where there are no ∇ operators. Then the most general Lagrangian can be written in the form
These are simply all possible contractions of K µν . The square bracket indicates a trace with indices raised with g µν -that is, [K] = g µν K µν , [K 2 ] = g µα K αβ g βν K νµ , and so on. The coefficients are generic dimensionless parameters.
The π Field Redefinition:
The zero-th order Lagrangian is
This leads to the zero-th order equation of motion
with γ ≡ 1/ 1 + (∂π) 2 . Therefore, the lowest order equation of motion is simply [K] itself, so any term proportional to trace of K µν can be eliminated by field redefinition. The only terms in a general L n that are not of this form are the cyclic traces [K n ], of which there is only one at each order n. All the other terms are proportional to [K] and their coefficients are adjustable. Now, at every order, there is a special contraction of K's,
called the "characteristic polynomials". These are terms in the expansion of the determinant of 1 + K in powers of K,
The terms L G n (K) are precisely the Galileons for n < 4, are a total derivative when n = 4 and vanish identically when n > 4. They can be written explicitly as [46] 
The sum is over all permutations of the ν indices, with (−1) p the sign of the permutation. We see that the coefficient of [K n ] in these special combinations is non-vanishing at each order. Thus, by using a field redefinition of π to adjust the coefficients of the terms (192) which are proportional to [K] , one can bring each of the Lagrangians L n into the form of the combinations (195). After this π redefinition, the action has a finite number of terms-precisely the four Galileons. Therefore, to all orders in l, we have
The coefficients a 0 · · · , a 3 are now complicated functions of the original coefficients. Note that the coefficient a 1 remains adjustable. We remind the reader that we have proven (198) for the case when L in (190) is independent of ∇. Now return to the possibility of having derivatives ∇ in the action (190) . Note that derivatives always have to come in pairs. Up through order l 3 , there is no way to write any terms involving derivatives which is not a total derivative. Thus (198) is accurate up through order l 3 , even when including the possibility of derivatives. At order l 4 and above, there seems to be a problem because there can be terms such as K µν K µν . These are not proportional to [K] and, hence, can not be eliminated by the zero-th order equations. It could be, however, there are enough combinations like (195), but now involving derivatives, into which these terms could be placed so that they become total derivatives. We leave a study of these higher-order ∇ terms for future work.
